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Abstract
In this paper we construct generalized solutions (weak solutions) to a linear discontinuous differential
equation which appears as mathematical model in mechanics and for which usual methods are not quite
adequate. The result is applied to the equation of an elastic beam on a Winkler type of foundation.
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1. Introduction
For some mathematical models given by differential equations the standard conceptions of
solutions were inadequate. That was the reason to extend the meaning of a solution to the differ-
ential equation. So we have solutions which satisfy an equation only almost everywhere and also
different types of weak and generalized solutions (cf. [3,4,6,9,14,16]).
Another possibility to extend the classical meaning of the solution is to use linear spaces of
generalized functions: distributions, ultradistributions, hyperfunctions, . . . (cf., for example, [8,
15]) or algebras of generalized functions (cf. [5,12]) and fields of operators (cf. [10,17]).
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known methods and are worth being treated separately. We think that the equation we consider
in this article is such a one.
2. Linear discontinuous differential equations
The solution of some mathematical models in mechanics (cf. [1,2,19–22]) reduces to the
following problem:
Let x1, . . . , xp be positive numbers belonging to (0,1), x1 < · · · < xp; let Ij denote the in-
terval (xj−1, xj ), j = 1, . . . , p + 1, where x0 = 0, xp+1 = 1. The functions gi(x) are defined
as
gi(x) = gij , x ∈ Ij , j = 1, . . . , p + 1, i = 0, . . . , n − 1, (1)
where gij are constants,
gn(x) ⊂ C(I1 ∪ · · · ∪ Ip+1) ∩ L1(0,1). (2)
The linear differential equation
y(n)(x) +
n−1∑
i=0
gi(x)y
(i)(x) = gn(x), x ∈ (0,1), (3)
is discontinuous. It cannot be treated neither by classical methods nor in linear spaces of gener-
alized functions.
In this paper we construct weak solutions which have a real sense for the model. Since the
procedure in every point xi , i = 1, . . . , p, is the same, we treat only the case p = 1. For this
unique point we use the notation x0. In this way the proof will be more clear and easy to follow.
3. The weak solution defined as a limit in the spaceD′(0,1)
We introduce the following notation:
(1) μ0 and ν0 are positive numbers such that [x0 − μ0, x0 + ν0] ⊂ (0,1).
(2) gi(x,μ, ν), i = 0, . . . , n, are continuous functions on (0,1) × (0,μ0) × (0, ν0) with the
properties:
• gi(x,μ, ν) = gi(x), for x ∈ (0,1) \ (x0 − μ,x0 + ν) (4)
and for every (μ, ν) ∈ (0,μ0) × (0, ν0), i = 0,1, . . . , n.
• ∂
∂x
gi(x,μ, ν1) and ∂∂μgi(x,μ, ν1) are bounded for (x,μ) ∈ [0, x0]× [0,μ0] and for every
ν1 ∈ (0, ν0), i = 0, . . . , n.
• ∂
∂x
gi(x,μ1, ν) and ∂∂ν gi(x,μ1, ν) are bounded for (x, ν) ∈ [x0,1] × [0, ν0] and for every
μ1 ∈ (0,μ0), i = 0, . . . , n.
Let us consider the equation:
y(n)(x,μ, ν) +
n−1∑
gi(x,μ, ν)y
(i)(x,μ, ν) = gn(x,μ, ν), x ∈ (0,1), (5)i=0
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only one solution y(x,μ, ν) satisfying initial condition y(i)(x0,μ, ν) = y(i)0 , i = 0, . . . , n − 1,
for x0 ∈ (0,1).
As usually, Eq. (5) can be written as a system if we introduce new functions: y1 = y, y2 = y(1),
. . . , yn = y(n−1). Then instead of Eq. (5) we have the system:
y
(1)
1 (x,μ, ν) = y2(x,μ, ν),
. . .
y
(1)
n−1(x,μ, ν) = yn(x,μ, ν),
y(1)n (x,μ, ν) = gn(x,μ, ν) −
n−1∑
i=0
gi(x,μ, ν)yi+1(x,μ, ν),
or the equation in the vector form:
y(1)(x,μ, ν) = f(x,y,μ, ν). (6)
Definition. We denote by Li(x,μ, ν), i = 1,2, the following functions:
L1(x,μ, ν) =
{
1, (x,μ, ν) ∈ (0, x0] × (0,μ0) × (0, ν0),
0, (x,μ, ν) /∈ [0, x0] × [0,μ0) × [0, ν0),
L2(x,μ, ν) =
{
1, (x,μ, ν) ∈ [x0,1) × (0,μ0) × (0, ν0),
0, (x,μ, ν) /∈ [x0,1] × [0,μ0) × [0, ν0).
The distribution [y] defined as the weak limit in D′(0,1)
lim
μ→0+, ν→0+
(
L1(x,μ, ν1)y(x,μ, ν1) + L2(x,μ1, ν)y(x,μ1, ν)
)= [y] (7)
for every μ1 and ν1,0 < μ1 < μ0,0 < ν1 < ν0, is the weak solution to (3), if this limit exists.
If the weak solution is a regular distribution, defined by the function y(x), and if there exist
y(i)(0+), i = 1, . . . , n − 1, then we say that [y] is a weak solution with initial condition.
Theorem. There exists the weak solution [y] to (3) which is a regular distribution with initial
condition; it does not depend on the chosen functions gi(x,μ, ν), i = 0, . . . , n. The properties of
[y] are:
(1) There exist
lim
μ→0+, ν→0+
(
L1(x,μ, ν1)y
(i)(x,μ, ν1) + L2(x,μ1, ν)y(i)(x,μ1, ν)
)= Di[y],
i = 1, . . . , n − 1.
(2) The restrictions of the weak solution [y] to (0, x0) and to (x0,1) give the classical solutions
y1 and y2, to (3) on (0, x0) and (x0,1), respectively; [y] is defined by y1 and y2. Let y0(x) =
y1(x), x ∈ (0, x0), and y0(x) = y2(x), x ∈ (x0,L); y0(x0) is not defined. Then Di+1[y] =
[y(i+1)0 ]+ jiδ(3−i), where ji = y(i)2 (x+0 )− y(i)1 (x−0 ), i = 0, . . . ,3 (the jumps of yi0 at x = x0).
Proof. We prove first that the solution y(x,μ, ν) to (6) with the initial condition y(0,μ, ν) = y0
is continuous on [0, x0]×[0,μ0] for any ν1 ∈ (0, ν0) and on [x0,1]×[0, ν0] for any μ1 ∈ (0,μ0).
We start with the functions gi(x,μ, ν).
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theorem which gives the continuous dependence of the solutions of a differential equation on
the parameters (cf. [7,11]), y(x,μ, ν) = (y1(x,μ, ν), . . . , yn(x,μ, ν)) is continuous on (0, x0)×
(0,μ0) × (0, ν0).
Next step is to prove that y(x,μ, ν1) is continuous for (x,μ) ∈ [0, x0] × [0,μ0] for every
ν1 ∈ (0, ν0) and for (x, ν) ∈ [x0,1] × [0, ν0] for every μ1 ∈ (0,μ0).
Let x1 ∈ (0, x0). We prove that
lim
x→x1,μ→0+
gi(x,μ, ν1) = gi(x1), x1 ∈ (0, x0), i = 0, . . . , n, (8′)
for every ν1 ∈ (0, ν0).
Let ε and μ be two positive numbers such that (x1 − ε, x1 + ε) ⊂ (0, x0 − μ), then
gi(x,μ, ν1) = gi(x), x ∈ (x1 − ε, x1 + ε), i = 0, . . . , n,
for every 0 < ν1 < ν0 and limit (8′) exists for every 0 < ν1 < ν0, i = 0, . . . , n. Hence gi(x,μ, ν)
is continuous on (0, x0) × [0,μ0] for every ν1 ∈ (0, ν0).
The existence of the next limit
lim
x→x−0 ,μ→μ1 	=0
gi(x,μ, ν1), i = 0, . . . , n, for any ν1 ∈ (0, ν0) (8′′)
follows from the continuity of functions gi(x,μ, ν) on (0,1) × (0,μ0) × (0, ν0).
It remains only to prove the existence of the limit
lim
x→x−0 ,μ→0+
gi(x,μ, ν1) = gi(x), i = 0, . . . , n, (8′′′)
for every ν1 ∈ (0, ν0). By the suppositions on gi(x,μ, ν) (cf. properties of gi(x,μ, ν)) we have∣∣gi(x,μ, ν1) − gi(x)∣∣ ∣∣gi(x,μ, ν1) − gi(x0 − μ0,μ0, ν1)∣∣

∣∣gi(x0 − μ0 + h,μ0 − ε, ν1) − gi(x0 − μ0,μ0, ν1)∣∣

∣∣∣∣h ∂∂x gi(x0 − μ0 + θh,μ0 − θε, ν1)
∣∣∣∣
+
∣∣∣∣ε ∂∂μgi(x0 − μ0 + θh,μ0 − θε, ν1)
∣∣∣∣.
Since |h| and |ε| can be arbitrary small and ∂
∂x
gi(x,μ, ν1),
∂
∂μ
gi(x,μ, ν1) are bounded on
[0, x0] × [0,μ0] for every ν1 ∈ (0, ν0), then limit (8′′′) exists, as well. Consequently we proved
that gi(x,μ, ν1), i = 0, . . . , n, are continuous on [0, x0] × [0,μ0] for every ν1 ∈ (0, ν0).
A very important remark is that all three limits (8) do not depend on the chosen functions
gi(x,μ, ν). The proof that gi(x,μ, ν), i = 0, . . . , n, are also continuous on [x0,1] × [0, ν0] for
every μ1 ∈ (0,μ0) is just the same.
Now, by the theorem which asserts the continuous dependence of the solution to differential
equation on the parameter (cf. [7,11]), it is easily seen that the solution y(x,μ, ν) to (6) which
satisfies the initial condition y(x0,μ, ν) = y0, x0 ∈ (0,1), x0 	= x0, is continuous for (x,μ) ∈
[0, x0] × [0,μ0] for every ν1 ∈ (0, ν0) and for (x, ν) ∈ [x0,1] × [0, ν0] for every μ1 ∈ (0,μ0).
In the second part we prove that limit (7) exists and defines the weak solution (3). To do this
we use Lebesgue’s theorem applied to a function of two variables (cf. [13, p. 91]).
From the first part of the proof it follows that for every x ∈ (0, x0) there exists
limμ→0+ y(x,μ, ν1); this limit does not depend on ν1 ∈ (0, ν0). Also, for every x ∈ (x0,1) there
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on [0, x0] × [0,μ0] and y(x,μ1, ν) is bounded on [x0,1] × [0, ν0].
Let ϕ be any function belonging to D(0,1). Limit (7) for yi(x,μ, ν), i = 0, . . . , n, is
lim
μ→0+, ν→0+
1∫
0
(
L1(x,μ, ν1)yi(x,μ, ν1) + L2(x,μ1, ν)yi(x,μ1, ν)
)
ϕ(x)dx
=
1∫
0
(
lim
μ→0+
L1(x,μ, ν1)yi(x,μ, ν1) + lim
ν→0+
L2(x,μ1, ν)yi(x,μ1, ν)
)
ϕ(x)dx
= [yi] (9)
because of Lebesgue’s theorem and properties of yi(x,μ, ν).
For i = 1, (9) states the existence of the weak solution to (3).
For i = 2, . . . , n, we start with the well-known relation[
y(i−1)(x,μ, ν1)
]= Di−1[y(x,μ, ν1)].
Since the derivative in D′(0,1) is continuous operation, we have [yi] = Di−1[y], which proves
property (1) of [y].
It remains to prove property (2) of [y]. Let us consider Eq. (5) but only on (0, x0). Then for
any ϕ ∈D(0, x0) we have
lim
μ→0+
(
y(n)(x,μ, ν1) +
n−1∑
i=0
gi(x,μ, ν1)y
(i)(x,μ, ν1) − gn(x,μ, ν1)
)
ϕ(x)dx = 0.
Hence,
lim
μ→0
x0∫
0
y(n)(x,μ, ν1)ϕ(x) dx +
n−1∑
i=0
gi1D
i[y] = [gn] (10)
because of (8′), (8′′) and (8′′′). By the continuity of the derivative inD′(0, x0) from (10) it follows
that [y] satisfies the differential equation in D′(0, x0):
Dn[y] +
n−1∑
i=0
gi1D
i[y] = [gn]. (11)
It is well known that Eq. (11) has only classical solutions (cf. [15,18]).
We have the same treatment in the interval (x0,1).
It is easily seen that [y] is defined by y1 and y2. The relation between Di+1[y] and [y(i+1)0 ]
follows from the relation between distributional derivative and classical one (cf. [15, V.I., p. 37]).
This completes the proof of the theorem. 
Remark. The initial condition in the theorem can be substituted by another which permit the
existence of the solution to Eq. (5) independently on (μ, ν) ∈ (0,μ0) × (0, ν0).
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4. An example
Consider an elastic beam on a Winkler type of foundation, shown schematically in Fig. 1. The
equilibrium, geometrical and constitutive (we use the classical Bernoulli–Euler beam theory)
equations read (see [1])
dH
dS
= −qx, dV
dS
= −qy, dM
dS
= −V cosν + H sinν,
dx
dS
= cosν, dy
dS
= sinν,
dν
dS
= M
EI
, (12)
where x and y are coordinates of an arbitrary point on the rod axis, S is the arc length of the
rod axis in the underformed state so that S ∈ (0,L), where L is the length of the rod in the
underformed state, H and V are components of the cross-sectional (sometimes called contact)
force in an arbitrary cross-section of the rod along the x and y axis of a rectangular Cartesian
coordinate system x–B–y, respectively, M is the bending moment, qx, qy are the intensities of
the distributed forces per unit length of the rod axis in the underformed state along the x and y
axis, respectively, ν is the angle between the tangent to the rod axis and x axis, and EI is the
bending rigidity of the rod.
For the rod shown in Fig. 1, the boundary conditions are
y(0) = 0, x(0) = 0, y(L) = 0,
M(0) = 0, M(L) = 0, H(L) = P. (13)
We assume that there are two intervals in which the beam bending rigidity is constant, so that
EI =
{
EI1, S ∈ (0, S0),
EI2, S ∈ (S0,L). (14)
Also we assume that
qx = −Fδ(S − S0),
qy =
{
q(0,S0)(S), S ∈ (0, S0),
q(S0,L)(S), S ∈ (S0,L),
(15)
where q(0,S0) and q(S0,L) are continuous functions of the intervals (0, S0) and (S0,L), respec-
tively. Both q(0,S0) and q(S0,L) describe the transversal loading of the beam, P and F are arbitrary
constants and δ(S) is the Dirac distribution.
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By using the standard procedure (see [1]), we reduce system (12) to
d4y1
dS4
+ P + F
EI1
d2y1
dS2
+ C1y1 = q1(S), 0 < S < S0,
d4y2
dS4
+ P
EI2
d2y2
dS2
+ C2y2 = q2(S), S0 < S < L, (16)
where
C1 = cEI1 , C2 =
c
EI2
, q1(S) = q(0,S0)(S)EI1 , q2(S) =
q(S0,L)(S)
EI2
. (17)
To (16) there corresponds the discontinuous differential equation valid on the whole inter-
val (0,L):
d4y
dS4
+ g2(S)d
2y
dS2
+ g0(S)y = g4(S), (18)
where
g21 = (P + F)/EI1, g22 = P/(EI2), g01 = C1, g02 = C2, g41 = q1(S)
and g42 = q2(S).
The proved theorem asserts that Eq. (18) has the weak solution which is regular distribution
defined by two solutions y1 and y2 to (16)1 and (16)2, respectively. Solutions y1 and y2 are easy
to construct. The weak solution [y] has the properties quoted in the theorem.
Remark. The problem treated here could be generalized by allowing the jump discontinuities in
transversal displacement, slope and transversal force. Mechanically this situation corresponds to
the case when the rod has hinges and sliders as shown in Fig. 2.
In this case we must specify the constitutive equations for those elements.
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